The Ginzburg-Landau functional for a two-gap superconductor is derived within the weak-coupling BCS model. The interaction between the two condensates is described by a unique Josephson-type mixing term. The two-gap Ginzburg-Landau theory is then applied to investigate various magnetic properties of MgB 2 including an upturn temperature dependence of the transverse upper critical field and a core structure of an isolated vortex. The orientation of vortex lattice relative to crystallographic axes is studied for magnetic fields parallel to the c axis. A peculiar 30°rotation of the vortex lattice with increasing strength of an applied field observed by neutron scattering is attributed to the multigap nature of superconductivity in MgB 2 .
I. INTRODUCTION
Superconductivity in MgB 2 discovered a few years ago 1 has attracted a lot of interest both from fundamental and technological points of view. 2 Unique physical properties of MgB 2 include T c ϭ39 K, the highest among s-wave phononmediated superconductors, and the presence of two gaps ⌬ 1 Ϸ7 meV and ⌬ 2 Ϸ2.5 meV evidenced by scanning tunneling 3, 4 and point contact 5, 6 spectroscopies and by heat capacity measurements. [7] [8] [9] [10] The latter property brings back the concept of a multigap superconductivity 11, 12 formulated more than 40 years ago for materials with a large disparity of the electron-phonon interaction for different pieces of the Fermi surface.
Theoretical understanding of normal and superconducting properties of MgB 2 has been advanced in the direction of first-principles calculations of the electronic band structure and the electron-phonon interaction, which identified two distinct groups of bands with large and small superconducting gaps. [13] [14] [15] [16] [17] [18] [19] Quantitative analysis of various thermodynamic and transport properties in the superconducting state of MgB 2 was made in the framework of the two-band BCS model. [20] [21] [22] [23] [24] [25] [26] [27] [28] An outside observer would notice, however, a certain lack of effective Ginzburg-Landau-or London-type theories applied to MgB 2 . This fact is explained by the quantitative essence of the discussed problems, though effective theories can often give a simpler insight. Besides, new experiments constantly raise different types of questions. For example, a recent neutron diffraction study in the mixed state of MgB 2 has found a strange 30°reorientation of the vortex lattice with increasing strength of a magnetic field applied along the c axis. 29 Such a transition represents a marked qualitative departure from the well-known behavior of the Abrikosov vortex lattice in single-gap type-II superconductors. The nature and origin of phase transitions in the vortex lattice are most straightforwardly addressed by the GinzburgLandau theory.
In the present work we first derive the appropriate Ginzburg-Landau functional for a two-gap superconductor from the microscopic BCS model. We then investigate various magnetic properties of MgB 2 using the Ginzburg-Landau theory. Our main results include demonstration of the upward curvature of H c2 (T) for transverse magnetic fields, investigation of the vortex core structure, and explanation of the reorientational transition in the vortex lattice. The paper is organized as follows. Section II describes the two-band BCS model and discusses the fit of experimental data on the temperature dependence of the specific heat. Section III is devoted to a derivation of the Ginzburg-Landau functional for a two-gap weak-coupling superconductor. In Section IV we discuss various magnetic properties including the upper critical field and the structure of an isolated vortex. Section V considers the general problem of the orientation of the vortex lattice in a hexagonal superconductor in a magnetic field applied parallel to the c axis and then demonstrates how the multigap nature of superconductivity in MgB 2 determines a reorientational transition in the mixed state.
ĥ (x) being a single-particle Hamiltonian of the normal metal. The constant term is a quadratic form of anomalous averages ͗⌿ n↓ (x)⌿ n↑ (x)͘. Using Eq. ͑2͒ it can be expressed via the gap functions
with Gϭdet͕g nn Ј ͖ϭg 1 g 2 Ϫg 3
2 . The above expression has to be modified for Gϭ0. In this case the two equations ͑2͒ are linearly dependent. As a result, the ratio of the two gaps is the same for all temperatures and magnetic fields ⌬ 2 (x)/⌬ 1 (x)ϭg 3 /g 1 , while the constant term reduces to E const ϭ͐dx͉⌬ 1 ͉ 2 /g 1 . The standard Gorkov's technique can then be applied to derive the Green's functions and energy spectra in uniform and nonuniform states with and without impurities. In a clean superconductor in zero magnetic field the two superconducting gaps are related via the self-consistent gap equations
, ͑5͒
with dimensionless coupling constants nn Ј ϭg nn Ј N n Ј , N n being the density of states at the Fermi level for each band. The transition temperature is given by T c ϭ(2 D e C /)e Ϫ1/ , where D is the Debye frequency, C is the Euler constant, and is the largest eigenvalue of the matrix nn Ј : 12 21 . ͑6͒
Since Ͼ 11 , the interband scattering always increases the superconducting transition temperature compared to an instability in the single-band case. The ratio of the two gaps at TϭT c is ⌬ 2 /⌬ 1 ϭ 21 /(Ϫ 22 ). At zero temperature the gap equations ͑5͒ are reduced to
By substituting ⌬ n ϭ2 D r n e Ϫ1/ the above equation is transformed to
͑8͒
For 1/ӷln r n , one can neglect logarithms on the right-hand side and obtain for the ratio of the two gaps the same equation as at TϭT c , implying that ⌬ 2 /⌬ 1 is temperature independent. 30 This approximation is valid only for r n Ӎ1-i.e., if all the coupling constants nn Ј have the same order of magnitude. ͑For g 3 2 ϭg 1 g 2 the above property is an exact one: the gap ratio does not change either with temperature or in a magnetic field.͒ However, for g 3 Ӷg 2 Ͻg 1 , the passive gap ⌬ 2 is significantly smaller than the active gap ⌬ 1 and r 2 Ӷ1 so that the corresponding logarithm cannot be neglected. It follows from Eq. ͑8͒ that the ratio ⌬ 2 /⌬ 1 increases between TϭT c and Tϭ0 for small g 3 . Such variations become more pronounced in superconductors with larger values of , which are away from the extreme weakcoupling limit Ӷ1. Ab initio calculations indicate that MgB 2 has an intermediate strength of the electron-phonon coupling with 12(21) Ӷ 11 Շ1, making this superconductor an ideal system to observe effects related to variations of the ratio of two gaps.
The jump in the specific heat at the superconducting transition can be expressed analytically as 12, 30, 31 
where the limit T→T c has to be taken for the ratio of the two gaps. The specific heat jump is always smaller than the single-band BCS result ⌬C/Cϭ12/7(3)Ϸ1.43, unless ⌬ 1 ϭ⌬ 2 .
B. Fit to experimental data
One of the striking pieces of experimental evidence of double-gap behavior in MgB 2 is an unusual temperature dependence of the specific heat with a shoulder-type anomaly around 0.25T c ͑Refs. 7-10͒. We use here the multiband BCS theory to fit the experimental data for C(T). The Fermi surface in MgB 2 consists of four sheets: two nearly cylindrical hole sheets arising from quasi-two-dimensional p x,y boron bands and two sheets from three-dimensional p z bonding and antibonding bands. 13, 32 The electronic structure of MgB 2 is now well understood from a number of density-functional studies, [13] [14] [15] [16] [17] [18] [19] 16 while the results for the bands agree. Because of a strong mismatch in the electron-phonon coupling between two group of bands, [15] [16] [17] [18] the two bands can be represented as a single active band, which has N 1 ϭ0.4N(0) of the total density of states and drives superconducting instability, whereas a combined band contributes N 2 ϭ0.6N(0) to the total density of states and plays a passive role in the superconducting instability. The above numbers are consistent with N 1 ϭ0.45N(0) and N 1 ϭ0.42N(0) for the partial density of states of the electrons in the bands obtained in the other studies. 14, 17 The gap equations ͑5͒ have been solved self-consistently for N 2 /N 1 ϭ1.5 and various values of coupling constants. The specific heat is calculated from
where E nk ϭͱ k ϩ⌬ n 2 is a quasiparticle energy for each band and n F () is the Fermi distribution. Figure 1 shows two theoretical fits to the experimental data of Geneva group 7, 10 using a weak g 1 N 1 ϭ0.4 and a moderate g 1 N 1 ϭ0.8 strength of the coupling constant in the active band. Constants g 2 and g 3 have been varied to get the best fits. In the first case the gap ratio changes in the range ⌬ 1 /⌬ 2 ϭ3.-2.5 between T ϭT c and Tϭ0, while in the second case ⌬ 1 /⌬ 2 Ӎ2.7. Both theoretical curves reproduce quite well the qualitative behavior of C(T). Somewhat better fits can be obtained by increasing the partial density of states in the band. Quantitative discrepancies between various theoretical fits and the experimental data are, however, less significant than differences between different samples. 10 We therefore conclude that though the specific heat data clearly agree with the twogap superconducting model in the regime of weak interband interaction, a unique identification of coupling constants is not possible from available data.
III. GINZBURG-LANDAU FUNCTIONAL
We use the microscopic theory formulated in the previous section to derive the Ginzburg-Landau functional of a twogap superconductor. In the vicinity of T c the anomalous terms in the mean-field Hamiltonian ͑3͒ are treated as a perturbation V a . Then, the thermodynamic potential of the superconducting state is expressed as
where ␤ϭ1/T. Expansion of Eq. ͑11͒ in powers of V a yields the Ginzburg-Landau functional. Since the normal-state Green's functions are diagonal in the band index, the Wick's decoupling of V a in ⍀ s does not produce any mixing terms between the gaps. As a result, the weak-coupling GinzburgLandau functional has a single Josephson-type interaction term:
⌽ 0 being the flux quantum. For ␥Ͼ0, the interaction term favors the same phase for the two gaps. For ␥Ͻ0, if, e.g., the Coulomb interactions dominate the interband scattering of the Cooper pairs and g 3 Ͻ0, the smaller gap acquires a shift relative to the larger gap.
33,34
The gradient term coefficients depend in a standard way on the averages of Fermi velocities v Fn over various sheets of the Fermi surface. Numerical integration of the tightbinding fits 16 2 , numbers in parentheses corresponding to each of the constituent bands. The effective masses of the quasi-two-dimensional band exhibit a factor of 40 anisotropy between in-plane and out-of-plane directions. In contrast, the three-dimensional band has a somewhat smaller mass along the c axis. Using N 2 /N 1 ϭ1.5 we find that the in-plane gradient constants for the two bands are practically the same K 2Ќ /K 1Ќ Ϸ1.06, while the c-axis constants differ by almost two orders of magnitude K 2z /K 1z Ϸ90. These estimates for K 2i /K 1i do not include the effect of electron-phonon interaction. Due to a moderate strength of electron-phonon coupling and its large disparity between the bands, the effective mass of the band is twice larger than a band theory estimate, whereas the electron mass of the band is only slightly renormalized. 19 As a result, the ratio K 2 /K 1 can significantly increase compared to the above values based on the density-functional calculations.
A very simple form of the two-gap weak-coupling Ginzburg-Landau functional is somewhat unexpected. On general symmetry grounds, there are possible various types of interaction in quartic and gradient terms between two superconducting condensates of the same symmetry, which have been considered in the literature. [35] [36] [37] [38] The above form of the Ginzburg-Landau functional is, nevertheless, a straightforward extension of the well-known result for unconventional superconductors. For example, the quartic term for a momentum-dependent gap is ͉⌬(k)͉ 4 in the weakcoupling approximation. 39, 40 In the two-band model ⌬(k) assumes a steplike dependence between different pieces of the Fermi surface, which immediately leads to the expression ͑12͒.
The Ginzburg-Landau equations for the two-gap superconductor, which are identical to those obtained from Eq. ͑12͒, have been first derived by an expansion of the gap equations in powers of ⌬. 30 Recently, a similar calculation has been done for a dirty superconductor, with only intraband impurity scattering, and the corresponding form of the Ginzburg-Landau functional has been guessed, though with incorrect sign of the coupling term. 26 Here, we have directly derived the free energy of the two-gap superconductor. The derivation can be straightforwardly generalized to obtain, e.g., higher-order gradient terms, which are needed to find an orientation of the vortex lattice relative to crystal axis ͑see below͒. We also note that strong-coupling effects-e.g., dependence of the pairing interactions on the gap amplitudeswill produce other weaker mixing terms of the fourth order in ⌬. The interband scattering by impurities can generate a mixing gradient term as well.
Finally, for Gϭ(g 1 g 2 Ϫg 3 2 )Ͻ0 a number of spurious features appears in the theory: the matrix nn Ј and the quadratic form ͑4͒ acquire negative eigenvalues, while a formal minimization of the Ginzburg-Landau functional ͑12͒ leads to an unphysical solution at high temperatures. The sign of ⌬ 2 /⌬ 1 for such a solution is opposite to the sign of g 3 . The origin of this ill behavior lies in the approximation of positive integrals on the right-hand side of Eq. ͑5͒ by logarithms, which can become negative. Therefore, negative eigenvalues of nn Ј and E const yield no physical solution similar to the case when the BCS theory is applied to the Fermi gas with repulsion. The consequence for the Ginzburg-Landau theory ͑12͒ is that one should keep the correct sign of ⌬ 2 /⌬ 1 and use the Ginzburg-Landau equations-i.e., look for a saddle-point solution rather than seeking for an absolute minimum.
IV. TWO-GAP GINZBURG-LANDAU THEORY
In order to discuss various properties of a two-gap superconductor in the framework of the Ginzburg-Landau theory we write ␣ 1 ϭϪa 1 t with a 1 ϭN 1 , tϭln(T 1 /T)Ϸ(1ϪT/T 1 ) and 
A. Zero magnetic field
For completeness, we briefly mention here the behavior in zero magnetic field. The transition temperature is found from diagonalization of the quadratic form in Eq. ͑12͒:
For small ␥, one finds t c ϷϪ␥ 2 /(a 1 ␣ 20 ). A negative sign of t c means that the superconducting transition takes place above T 1 , which is an intrinsic temperature of superconducting instability in the first band. The ratio of the two gaps, ϭ⌬ 2 /⌬ 1 ϭ␥/(␣ 20 Ϫa 2 t c ). Below the transition temperature, the gap ratio obeys
For small ␥, one can approximate Ϸ␥/␣ 2 and due to a decrease of ␣ 2 with temperature, small to large gap ratio increases away from t c .
B. Upper critical field

Magnetic field parallel to the c axis
Due to the rotational symmetry about the c axis, the gradient terms in the a-b plane are isotropic with single constant K nЌ ϵK n for each band. The linearized Ginzburg-Landau equations describe a system of two coupled oscillators and have a solution in the form ⌬ 1 ϭc 0 f 0 (x) and ⌬ 2 ϭd 0 f 0 (x), where f 0 (x) is a state on the zeroth Landau level. The upper critical field is given by H c2 ϭh c2 ⌽ 0 /2:
The ratio of the two gaps ϭd 0 /c 0 along the upper critical line is
The above expression indicates that an applied magnetic field generally tends to suppress a smaller gap. Whether this effect overcomes an opposite tendency to an increase of ⌬ 2 /⌬ 1 due to a decrease of ␣ 2 with temperature depends on the gradient term constants. For example, in the limit ␥Ӷ␣ 20 we find from Eq. ͑16͒ Ϸ␥/͓␣ 20 Ϫ(a 2 Ϫa 1 K 2 /K 1 )t͔. If K 2 is significantly larger than K 1 , while a 2 Ӎa 1 , the smaller gap is quickly suppressed along the upper critical field line. The situation in MgB 2 is not clear at the moment. The density-functional theory suggests K 2 /K 1 Ϸ1; however, the electron-phonon interaction yields K 2 /K 1 ϭ3 -4. Impurity scattering can also affect the above ratio. For example, Mg disorder strongly affects the band 22 and can significantly reduce the gradient constant K 2 . Measurements performed on different samples also give contradictory results: with observations of a suppression 41 of the small gap by Hʈc and reports of no relative suppression of ⌬ 2 ͑Ref. 42͒.
Transverse magnetic field
We assume that Hʈŷ and consider a homogeneous superconducting state along the field direction. The gradient terms in two transverse directions x and ẑ have different stiffness constants K n and K nz , respectively. In the single-band case, rescaling x→x(K x /K z ) 1/4 and z→z(K z /K x ) 1/4 allows to reduce the anisotropic problem to an isotropic one in rescaled coordinates. A multigap superconductor has several different ratios K n /K nz and the above rescaling procedure does not work. In other words, coupled harmonic oscillators described by the linearized Ginzburg-Landau equations have different resonance frequencies. To solve this problem we follow a variational approach, which is known to give a good accuracy in similar cases. The vector potential is chosen in the Landau gauge Aϭ(Hz,0,0) and we look for a solution in the form
where , c, and d are variational parameters. After spatial integration and substitution ϭh/, hϭ2H/⌽ 0 , the quadratic terms in the Ginzburg-Landau functional become
The determinant of the quadratic form vanishes at the transition into the superconducting state. The transition field is given by the same expression as in the isotropic case ͑15͒, where K n have to be replaced with K n . The upper critical field is, then, obtained from maximizing the corresponding expression with respect to the variational parameter . In general, the maximization procedure has to be done numerically. Analytic expressions are possible in two temperature regimes. At low temperatures tӷ͉t c ͉, the upper critical field is entirely determined by the active band and
In the vicinity of T c , an external magnetic field has a small effect on the gap ratio ϭd/cϷ␥/␣ 20 and an effective single-gap Ginzburg-Landau theory can be applied. The upper critical field is given by a combination of the gradient constants K ni weighted according to the gap amplitudes
Since in MgB 2 one has K 1z Ӎ0.01K 2z and 2 Ӎ0.1, the slope of the upper critical field near T c is determined by an effec-
. Thus, the upper critical field line H c2 (T) shows a marked upturn curvature between the two regimes ͑20͒ and ͑19͒. Such a temperature behavior observed experimentally in MgB 2 ͑Refs. 43-45͒ has been recently addressed in a number of theoretical works based on various forms of the two-band BCS theory. 24 -27 We suggest here a simpler description of the above effect within the two-gap GinzburgLandau theory.
Finally, we compare the Ginzburg-Landau theory with the experimental data on the temperature dependence of the upper critical field for a magnetic field parallel to the basal plane. 45 We choose ratios of the gradient term constants and the densities of states in accordance with the band structure calculations 16 and change the parameters ␥ and ␣ 20 , which are known less accurately, to fit the experimental data. The best fit shown in Fig. 2 is obtained for ␣ 20 /a 1 ϭ0.65 and ␥/a 1 ϭ0.4. The prominent upward curvature of H c2 (T) takes place between t c ϭϪ0.18 (T c ϭ36 K) and tӍ0.2 (T ϭ26 K)-i.e., well within the range of validity of the Ginzburg-Landau theory. The above values of ␣ 20 and ␥ can be related to g 2 /g 1 and g 3 /g 1 and they appear to be closer to the second choice of g n used for Fig. 1 . The ratio of the two gaps, as it changes along the H c2 (T) line, is shown on the inset in Fig. 2 . It varies from ⌬ 1 /⌬ 2 Ϸ2.3 near T c ϭ36 K to ⌬ 1 /⌬ 2 Ϸ45 at Tϭ18 K, where the Ginzburg-Landau theory breaks down. Due to a large difference in the c-axis coherence lengths between the two bands, the smaller gap is quickly suppressed by the transverse magnetic field. Also, the strong upward curvature of H c2 (T) leads to temperature variations of the anisotropy ratio ␥ an ϭH c2 Ќ (T)/H c2 c (T), which changes from ␥ an ϭ1.7 near T c to ␥ an ϭ4.3 at T ϭ18 K. These values are again consistent with experimental observations, 46 as well as with theoretical studies.
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C. Structure of a single vortex
The structure of an isolated superconducting vortex parallel to the c axis has been studied in MgB 2 by scanning tunneling microscopy. 47 Tunneling along the c axis used in the experiment probes predominantly the three-dimensional band and the obtained spectra provide information about a small passive gap. A large vortex core size of about five coherence lengths c ϭͱ⌽ 0 /2H c2 c was reported and attrib- uted to a fast suppression of a passive gap by magnetic field, whereas the c-axis upper critical field is controlled by a large gap in the band. 47 The experimental observations were confirmed within the two-band model using the Bogoliubov-de Gennes 23 and the Usadel equations. 28 We have, however, seen in the previous subsection that a gap in MgB 2 is not suppressed near H c2 (T) for fields applied along the c axis. To resolve this discrepancy we present here a systematic study of the vortex core in a two-gap superconductor in the framework of the Ginzburg-Landau theory.
We investigate the structure of a single-quantum vortex oriented parallel to the hexagonal c axis. The two gaps are parametrized as ⌬ n (r)ϭ n (r)e Ϫi , where is an azimuthal angle and r is a distance from the vortex axis. Since the Ginzburg-Landau parameter for MgB 2 is quite large, 2 Ӎ25, the magnetic field can be neglected inside vortex core, leading to the following system of the Ginzburg-Landau equations:
for nϭ1,2 (nЈϭ2,1) and QϷ1/r. Away from the center of a vortex, the two gaps approach their asymptotic amplitudes 0n :
with obeying Eq. ͑14͒. All distances are measured in units of a temperature-dependent coherence length derived from the upper critical field, Eq. ͑15͒. In order to solve Eq. ͑21͒ numerically, a relaxation method has been used 48 on a linear array of 4000 points uniformly set on a length of 80 from the vortex center. The achieved accuracy is of the order of 10 Ϫ6 .
The obtained results are shown in Figs. 3-5 , where amplitudes n (r) are normalized to the asymptotic value of the large gap 01 . To quantify the size of the vortex core for each component we determine the distance d n , where n (r) reaches half of its maximum value 0n . In the case of a single-gap superconductor such a distance is given within a few percent by the coherence length. In a two-gap supercon- Results for the temperature dependence of the vortex core are presented in Fig. 3 . The parameters ␣ 20 and ␥ are taken the same as in the study of the upper critical field, while we choose K 2 /K 1 ϭ9 in order to amplify the effect for the small gap. As was discussed above, the equilibrium ratio of the two gaps, 02 / 01 , grows with decreasing temperature ͑increas-ing t). Simultaneously, the small gap becomes less constrained with its interaction to the large gap and the halfamplitude distance d 2 shows a noticeable growth. For K 2 ϷK 1 such a less constrained behavior of 2 (r) at low temperatures does not lead to an increase of the core size because both gaps have similar intrinsic coherence lengths.
This trend becomes more obvious if the coupling constant ␥ is changed for fixed values of all other parameters; see Fig.  4 . For vanishing ␥, the distance d 2 approaches asymptotically an intrinsic coherence length in the passive band. This length scale depends on K 2 (d 2 /d 1 ͉ ␥ϭ0 ӍͱK 2 /K 1 ϭ3), but is not directly related to an equilibrium value of the small gap: the small gap is reduced by a factor of 7 between ␥ ϭ0.6 and ␥ϭ0.03, while the core size increases by 50% only. Therefore, the single-band BCS estimate 2 ϭv F /(⌬ 2 ) for the characteristic length scale of the small gap sometimes used for interpretation of experimental data 47 is not, in fact, applicable for a multi-gap superconductor.
Finally, Fig. 5 presents the evolution of the vortex core with varying ratio K 2 /K 1 , where again ␣ 20 /a 1 ϭ0.65 and ␥/a 1 ϭ0.4. The apparent size of the vortex core d v Ӎ2d 2 becomes about five to six coherence lengths for K 2 , exceeding K 1 by an order of magnitude. For K 2 /K 1 Ӎ1 -4, which follows from the band structure calculations, the vortex core size does not change significantly compared to the standard single-gap case. These results generally agree with the previous study, 28 though we conclude that unrealistically large values of K 2 /K 1 are required to explain the experiment. 47 Different strengths of the impurity scattering in the two bands cannot explain this discrepancy either. It is argued that the band is in the dirty limit. 22 The coefficient K 2 in Eq. ͑12͒ is accordingly replaced by a smaller diffusion constant. The numerical results ͑Fig. 5͒ as well as qualitative consideration show that in such a case the core size for 2 (r) can only decrease. Note that the spatial ansatz (r)ϳtanh(r/a) with aϭ used to fit the experimental data 47 should be applied with aϭ1.8 even for a single-gap superconductor in the large-limit.
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V. ORIENTATION OF VORTEX LATTICE
Recent neutron scattering measurements 29 in MgB 2 for fields along the hexagonal c axis have discovered a new interesting phase transition in the mixed state of this superconductor: a triangular vortex lattice rotates by 30°such that below the first transition field ͑0.5 T at Tϭ2 K) a nearestneighbor direction is aligned perpendicular to the crystal a axis, whereas above the second transition field ͑0.9 T͒ the shortest intervortex spacing is parallel to the a axis. 29 We show in this section that such a peculiar behavior is determined by the two-gap nature of superconductivity in MgB 2 .
A. Single-gap superconductor
The orientation of the flux line lattice in tetragonal and cubic superconductors has been theoretically studied by Takanaka. 50 Recently, such a crystal field effect was found to be responsible for the formation of a square vortex lattices in the borocarbides. 51, 52 The case of a single-gap hexagonal superconductor is treated by a straightforward generalization of the previous works. Symmetry arguments suggest that coupling between the superconducting order parameter and a hexagonal crystal lattice appears at the sixth-order gradient terms in the Ginzburg-Landau functional. For simplicity, we assume that the gap anisotropy is negligible. Then, the sixthorder gradient terms derived from the BCS theory are
The above terms can be split into an isotropic part and anisotropic contribution, the latter being
In this expression x is fixed to the a axis in the basal plane. ͑An alternative choice is the b axis.͒ If x and ŷ are simultaneously rotated by angle about the c axis, (ٌ x Ϯiٌ y ) 6 acquires an extra factor e Ϯ6i . In the following we always make such a rotation in order to have x pointing between nearest-neighbor vortices. Periodic Abrikosov solutions with chains of vortices parallel to the x axis are most easily written in the Landau gauge Aϭ(ϪHy,0,0) ͑Ref. 53͒. The higher-order gradient terms, Eq. ͑24͒, give a small factor H 2 ϳ(1ϪT/T c ) 2 and can be treated as a perturbation in the Ginzburg-Landau regime. The Landau level expansion yields ⌬(x)ϭc 0 f 0 (x)ϩc 6 f 6 (x)ϩ•••, where the coefficient for the admixed sixth Landau level is c 6 /c 0 ϷϪ(ͱ6!/3)h 2 e 6i K 6 /K. When substituted into the quartic Ginzburg-Landau term, this expression produces the following angular-dependent part of the free energy:
Spatial averaging of the combination of the Landau levels is done in a standard way:
where the summation goes over all integer n and m and parameters and describe an arbitrary vortex lattice. 53 For a hexagonal lattice (ϭ1/2, ϭͱ3/2), the numerical value of the lattice factor is ͉͗ f 0 ͉ 2 f 0 * f 6 ͘/͉͗ f 0 ͉ 4 ͘ϭϪ0.279. Hence, ␦F()ӍϩK 6 cos(6) and for ͗v Fx 6 ͘Ͼ͗v Fy 6 ͘(K 6 Ͼ0) the equilibrium angle is ϭ/2 (/6), which means that the shortest spacing between vortices in a triangular lattice is oriented perpendicular to the a axis, while for the other sign of anisotropy the shortest side of a vortex triangle is along the a axis. Thus, the Fermi surface anisotropy fixes uniquely the orientation of the flux line lattice near the upper critical field.
B. Two-gap superconductor
In a multiband superconductor the effect of crystal anisotropy may vary from one sheet of the Fermi surface to another. We apply again the tight-binding representation 16 We investigate the equilibrium orientation of the vortex lattice in MgB 2 within the two-gap Ginzburg-Landau theory. Anisotropic sixth-order gradient terms of the type ͑24͒ have to be added to the functional ͑12͒ separately for each of the two superconducting order parameters. As was discussed in the previous paragraph the anisotropy constants have different signs K 61 Ͼ0 and K 62 Ͻ0 and obey ͉K 61 ͉Ӷ͉K 62 ͉. In the vicinity of the upper critical field the two gaps are expanded as ⌬ 1 (x)ϭc 0 f 0 (x)ϩc 6 f 6 (x) and ⌬ 2 (x)ϭd 0 f 0 (x) ϩd 6 f 6 (x). Solution of the linearized Ginzburg-Landau equations yields the following amplitudes for the sixth Landau levels:
with ␣ 1,2 ϭ␣ 1,2 ϩ13K 1,2 h. Subsequent calculations follow closely the single-gap case from the preceding subsection. The angular-dependent part of the free energy is obtained by substituting Eqs. ͑27͒ into the fourth-order terms:
͑28͒
The resulting expression can be greatly simplified if one uses (⌬ 2 /⌬ 1 ) 2 Ӎ0.1 as a small parameter. With accuracy O͓(⌬ 2 /⌬ 1 ) 4 ͔ we can neglect the angular-dependent part determined by the small gap. This yields in close analogy with Eq. ͑25͒ the following anisotropy energy for the vortex lattice near H c2 :
Despite the fact that we have omitted terms ϳd 0 3 d 6 , the Fermi surface anisotropy of the second band still contributes to the effective anisotropy constant K 6 eff via linearized Ginzburg-Landau equations. Along the upper critical line this contribution decreases, suggesting the following scenario for MgB 2 .
In the region near T c the second band makes the largest contribution to K 6 eff : a small factor ␥ 2 /␣ 2 2 ϳ0.1 is outweighed by ͉K 61 /K 62 ͉Ͻ0.1. As a result, K 6 eff is negative and ϭ0, which means that the shortest intervortex spacing is parallel to the b axis. At lower temperatures and higher magnetic fields the second term in K 6 eff decreases and the Fermi surface anisotropy of the first band starts to determine the ͑positive͒ sign of K 6 eff . In this case, ϭ/2 (/6) and the side of the vortex triangle is parallel to the a axis. The very small ͉K 61 /K 62 ͉ϭ1.8ϫ10 Ϫ2 , which follows from the band structure data, 16 is insufficient to have such a reorientation transition in the Ginzburg-Landau region. Absolute values of anisotropy coefficients are, however, quite sensitive to the precise values of the tight-binding parameters and it is reasonable to assume that experimental values of K 6n are such that the reorientation transition is allowed.
The derived sequence of orientations of the flux line lattice in MgB 2 completely agrees with the neutron scattering data, 29 though we have used a different scan line in the H-T plane in order to demonstrate the presence of the 30°-orientational transformation; see Fig. 6 . The condition K 6 eff ϭ0, or a similar one applied to Eq. ͑28͒, defines a line H*(T) in the H-T plane which has a negative slope at the crossing point with H c2 (T). The sixfold anisotropy for the vortex lattice vanishes along H*(T) and all orientations with different angles become degenerate in the adopted approximation. The sequence of orientational phase transitions in such a case depends on weaker higher-order harmonics. One can generally write ␦F͑͒ϭK 6 cos͑6 ͒ϩK 12 cos͑12 ͒,
͑30͒
where the higher-order harmonics comes with a small coefficient ͉K 12 ͉Ӷ͉K 6 ͉. Depending on the sign of K 12 the transformation between low-field ϭ0 and high-field ϭ/6 (/2) orientations, when K 6 changes sign, goes either via two second-order transitions (K 12 Ͼ0) or via a single firstorder transition (K 12 Ͻ0). In the former case the transitions take place at K 6 ϭϮ4K 12 , whereas in the latter case the first-order transition is at K 6 ϭ0. These conclusions are easily obtained by comparing the energy of a saddle-point solution cos(6)ϭϪK 6 /(4K 12 ) for Eq. ͑30͒, which is ␦F sp ϭϪK 6 2 /(8K 12 ), to the energies of two extreme orientations. In order to determine sign of the higher-order harmonics for a two-gap superconductor we expand the fourth-order terms in the Ginzburg-Landau functional ͑12͒ to the next order:
͑31͒
These terms are responsible for the cos(12) anisotropy introduced before. A similar angular dependence is also induced by the higher-order harmonics of the Fermi velocity v F (), though our estimate shows that even for the bands the corresponding modulations are very small. 54 The sign of the cos(12) term in Eq. ͑31͒ depends only on a geometric factor, the spatial average of the Landau levels wave functions. We find for a perfect triangular lattice ͗ f 0 * 2 f 6 2 ͘/͉͗ f 0 ͉ 2 ͘ 2 ϭ0.804. Thus, the 12th-order harmonics in Eq. ͑30͒ has a positive coefficient and the transformation between the low-field state with ϭ0 and the high-field state ϭ/6 goes via a phase with intermediate values of separated by two second-order transitions.
Anisotropy terms of the type ͑24͒ also produce a sixfold modulation of the upper critical field in the basal plane. The sign of the corresponding modulations of H c2 () should also change at a certain temperature, which is determined by a suppression of the small gap in transverse magnetic field and is not, therefore, related to the intersection point of H c2 (T) and H*(T) lines on the phase diagram for Hʈc, Fig. 6 .
VI. CONCLUSIONS
We have derived the Ginzburg-Landau functional of a two-gap superconductor within the weak-coupling BCS theory. The functional contains only a single interaction term between the two superconducting gaps ͑condensates͒. This property allows a meaningful analysis of various magnetic properties of a multigap superconductor in the framework of the Ginzburg-Landau theory. Apart from confirming the previous results on an unusual temperature dependence of the transverse upper critical field in MgB 2 , we have presented a detailed investigation of the vortex core structure and have shown that the orientational phase transitions observed in the flux line lattice in MgB 2 is a manifestation of the multiband nature of superconductivity in this material. The proposed minimal model for the 30°rotation of the vortex lattice includes only the anisotropy of the Fermi surface. An additional source of six fold anisotropy for the vortex lattice can arise from the angular dependence of the superconducting gap. It was argued that the latter source of ͑fourfold͒ anisotropy is essential for the physics of the square to distorted triangular lattice transition in the mixed state of borocarbides. 55 For phonon-mediated superconductivity in MgB 2 , the gap modulations should be quite small, especially for the large gap on the narrow cylinders of the Fermi surface. Experimentally, the role of gap anisotropy can be judged from the position of H*(T) line in the H-T plane. H*(T) does not cross the H c2 (T) line in scenarios with significant gap anisotropy. 55 A further insight into the anisotropic properties of different Fermi surface sheets in MgB 2 can be obtained by studying experimentally and theoretically the hexagonal anisotropy of the upper critical field in the basal plane.
of the degeneracy of the two bands at kϭ0. For example, a nonanalytic form of (k) is known for fourfold-degenerate hole bands of Si and Ge, 56 which have cubic anisotropy already in O(k 2 ) order. Nonanalyticity of l,h (k) leads to a relative enhancement of the hexagonal anisotropy on two narrow Fermi surface cylinders. The hexagonal harmonics have opposite signs in the light-and heavy-hole bands. The net anisotropy of the combined band is determined mostly by the light holes, which have larger in-plane Fermi velocities.
